Applied Mathematics & Optimization (2024) 89:46
https://doi.org/10.1007/s00245-024-10113-w

®

Check for
updates

Homogenization of Semi-linear Optimal Control Problems
on Oscillating Domains with Matrix Coefficients

A. K. Nandakumaran' - Abu Sufian? - Renjith Thazhathethil

Accepted: 12 February 2024
© The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part of Springer Nature 2024

Abstract

In this article, we study the homogenization of optimal control problems subject to
second-order semi-linear elliptic PDEs with matrix coefficients in two different types
of oscillating domains: a circular domain and a domain with general low-dimensional
oscillations. The cost functionals considered are of general energy type with oscillating
matrix coefficients, and the coefficient matrix in the cost functional is allowed to
differ from the coefficient matrix in the constrained PDE. We prove well-defined
limit problems for both domains and obtain explicit forms for the limiting coefficient
matrices of the cost functionals and constrained PDEs. As expected, the coefficient
matrix of the limit cost functional is a combination of the original cost functional’s
and constrained PDE’s coefficient matrices.

Keywords Homogenization - Periodic unfolding - Oscillating boundary - Circular
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1 Introduction

In this article, we plan to study the homogenization of a semi-linear elliptic PDE in a
circular oscillating domain of the form
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—div(A®Vue) + k(ue) +ue = f in O,

A®Vug v =0 ond0O,.
Here O; is the oscillating circular domain to be defined in Subsect. 2.1. The limit is
quite interesting (see (5)), and the main ingredient in the analysis is the Browder—
Minty method to deal with the non-linearity k together with the method of unfolding.
In addition to the homogenization, we also establish corrector results, and we use these
corrector results to study an associated optimal control problem with a cost functional
of the form

1
Jo(u,0) = 5/@ vauvu+§fo XolO]%.

Here note that the matrix B? is different from the matrix A® of the system discussed
above. In the second part of the article, we study homogenization of semi-linear PDE
on n dimensional oscillating boundary domains with oscillations in m directions,
1 <m < n — 1. For example (see Fig. 4), when n = 3, oscillations can be of pillar
type (m = 2) or slab type (m = 1). Finally, we study the optimal control problem also
in this domain with an energy type cost functional.

Mathematical findings from the field of optimal control posed for domains with
highly oscillating interfaces and boundaries can be used to bring insights into a large
class of complex mathematical models describing a large variety of physical phe-
nomena. Typical examples are flows through complex domains and materials with
highly functional interfaces. The list includes lubricating flows with rough contacts,
propagation of electromagnetic waves through the rough interface, flows in channels
with rough boundaries, airflow through compression systems in turbo-machines such
as jet engines, etc. The last scenario can be modeled by the viscous Moore—Greitzer
equation directly derived from scaled Navier—Stokes equations. Materials with oscil-
lating boundaries that have a designed macroscopic functionality are used in industrial
applications like microstrip radiators and nanotechnologies, fractal type constructions,
etc.; see e.g. [35, 39, 40]. It is not possible to give exhaustive literature here. However,
we present the relevant literature in view of the problems under study.

In the context of optimal control, homogenization can be used to simplify the opti-
mization problem by replacing the original, periodically structured system with an
equivalent, homogenized system. This can be useful when the original system is too
complex to be analyzed directly or when the periodicity of the system allows for sig-
nificant computational simplification. In this article, as discussed above, we examine
the homogenization of semi-linear optimal control problems in oscillating boundary
domains where the non-linearity appears in the constrained partial differential equa-
tion (PDE). The considered problems represent a significant generalization of the
results presented in previous articles [6, 45]. In [6], the authors considered an optimal
control problem with a quadratic cost functional in an oscillating domain which is con-
strained by a second-order semi-linear elliptic PDE with a Laplacian as the principal
part. In [45], the authors investigated an optimal control problem with an energy-type
cost functional subject to a general second-order linear elliptic PDE with oscillating
coefficients in oscillating domains with a curved interface.
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There is a considerable body of literature on the homogenization of oscillating
boundary domains. References such as [2, 7, 16, 30, 32, 34] and their respective
sources provide extensive coverage in this area. Regarding the homogenization of opti-
mal control problems in oscillating domains, studies employing the periodic unfolding
operator to characterize the optimal control play a crucial role in the analysis. Notable
references include [1, 4, 5, 45, 46, 49, 50]. For further literature on the homogenization
of optimal control problems, one can refer to [24, 28, 29, 44, 47, 48] and the references
therein. Significant research has also been conducted in the field of homogenization
of controllability problems. References such as [19, 20, 25-27] and their respective
sources focus on the homogenization of approximate controllability and exact con-
trollability. In the recent article [27], a general approach is provided for obtaining
approximate controls for parabolic problems using periodic approximations.

Regarding the homogenization of non-linear problems, a lot of literature is available.
In [31], authors provide an analysis of the asymptotic behavior of a monotone-type
operator with nonlinear Signorini boundary conditions. Additionally, the homogeniza-
tion of a nonlinear monotone problem in a locally periodic domain using the unfolding
method is studied in [8]. Another approach, the asymptotic expansion method, is
employed in [38] to investigate the homogenization of a nonlinear parabolic problem.
Regarding the homogenization of the semilinear optimal control problem, one inter-
esting work is [22], where the authors focused on the homogenization of semi-linear
optimal control and controllability problems in perforated domains. In the present
article, the analysis became different and interesting due to the type of oscillations
(refer to Figs. 1 and 4) and the nature of the cost functionals being considered. For
further reading on homogenization of non-linear problems, refer [13, 14, 33, 37].
The literature on the homogenization of non-linear optimal control problems is very
limited.

The main techniques used in this analysis are the unfolding operator and the mono-
tone operator technique. The periodic unfolding method, first introduced in [21], is
a powerful tool in the theory of homogenization. In [23], a modified version of this
method was used to homogenize problems in pillar-type oscillating domains. The
unfolding operator was further generalized to general periodic oscillating domains in
[3]. The unfolding operator is also very effectively used in the context of multi-scale
analysis in domains with small oscillating boundaries that is to say when homoge-
nization and dimension reduction may take place simultaneously. An adaptation of
unfolding for the thin/small oscillating was introduced in [17] to study the asymp-
totic behavior of viscous fluid flow through a slightly rough wall. Further, in [9], a
modified version of the unfolding operator was introduced for thin porous media.
Recently, several modified versions of unfolding operators are introduced depending
on the nature of oscillation in the thin domain; see [10-12, 42, 43] and references
therein. For more information on unfolding operators, see [18] and its references. The
monotone operator technique in homogenization can be found in [6, 36, 41] and their
references.

The layout of the article is as follows. Major contributions of this article are the
Theorems 1, 2, 5, 6, 7, and 9. Our goal is to homogenize the optimal control problem,
which requires homogenization and corrector results for the associated semi-linear
PDE. Theorems 1 and 2 prove the homogenization and corrector results in circu-
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lar oscillating domains. Using these theorems, we prove the homogenization of the
associated optimal control problem in Theorem 5. Theorems 6 and 7 establish the
homogenization and corrector results for the semi-linear PDE in (n — m)-dimensional
oscillating domains in rectangular coordinates. Using these theorems, we obtain the
homogenization results for the optimal control problem in Theorem 9 for (n — m)-
dimensional oscillating domains.

The rest of this work is organized as follows. In Sect. 2, we homogenize the consid-
ered PDE and its associated optimal control problem in the circular oscillating domain.
Itis divided into several subsections. In Subsect. 2.1, we describe the domain and pro-
vide the necessary assumptions. The main tool for this section, the unfolding operator,
is introduced in Subsects. 2.2 and 2.3. The main homogenization and corrector results
for the considered semi-linear PDE without control are presented in Subsect. 2.4. The
homogenization of the optimal control problem associated with the semi-linear PDE
in the circular domain is studied in Subsect. 2.5.

In Sect. 3, we consider the homogenization of the considered PDE and its associ-
ated optimal control problem in the rectangular oscillating domain. It is divided into
several subsections. In Subsect. 3.1, we describe the domain and provide the neces-
sary assumptions. The main tool for this section, the unfolding operator, is introduced
in Subsect. 3.2. The main homogenization and corrector results for the considered
semi-linear PDE without control are presented in Subsect. 3.3. The homogenization
of the optimal control problem associated with the semi-linear PDE in the rectangular
domain is studied in Subsect. 3.4.

2 Homogenization in Circular Oscillating Domain

In this section, we investigate the homogenization of a semi-linear optimal problem in
a two-dimensional domain O, that exhibits circular oscillations (as shown in Fig. 1).
The homogenization of such domains has been extensively examined in prior studies
(see [3, 4, 51, 52] for references).

2.1 Domain Description

%, n € N. Let A be a connected open
subset of R2, which is contained in the annulus Ot = {(r,0) : ro < r < ri} with

Lipschitz boundary as shown in Fig. 2 which is our reference cell. Now define

Let 0 < r9 < r; < rp be real numbers, ¢ =

O:={(V»9)€O+I<r,{g} )EA}, O™ ={(r,0):r1 <r <nr},
27

&

O, =it (OFUO~) and O =int(0FUO),

where O is the inner oscillating part, O~ is the outer fixed part, O, is the oscillating
domain and O is the limit domain (see Fig. 3). It is important to note that as per the
definition of O, the inner part O} exhibits periodic oscillations. These oscillations
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Fig. 1 Circular domain O,

Fig.2 Reference cell A

Fig.3 Limit domain O

involve a periodic arrangement of the reference cell A, which is scaled by ¢ in the 6
variable and arranged in the 6 direction with a period of 2re. Also I'y, I, are inner

and outer boundaries of @ and I'y is the interface. Here {g} =2_ [%] 27, where

2. e
[-] and {-} denote the integer and fractional parts. For r € (rj(;, r1), define

Y(r)=1{0 €[0,2n]: (r,0) € A}.
We will make the following assumptions about the reference cell A:
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1. The set Y (r) is connected for all r € (rg, r1).
2. There exists p > O such that 0 < p < |Y(r)| < 27 for all r € (rg, r1) where
|Y (r)| denotes the Lebesgue measure on R.

For completeness, we will state the definition of the polar unfolding operator for O,
and list its properties.

2.2 Polar Unfolding Operator

Since the oscillations in O occur in an angular direction, we will use unfolding
operators in polar coordinates to analyze them. Here, we will provide the definition
of the unfolding operator for O and its properties, without providing proof (for proof,
see [3]).

First, we will define the unfolded domain Oy in which the unfolded function will
be defined. The unfolded domain Oy is defined as follows:

Oy ={,0,1) 16 € (0,21m),r € (ro, 1), T € Y(r)}.

LetG ={(r,7) | r € (ro,r1), T € Y(r)}, then, we can write, Oy = (0, 27) x G. Let
¢° : Oy — OF be defined as ¢ (r, 0, 1) = (r, & [2]27r + 7). The g-unfolding of a
function u : O — R is the function u o ¢* : Oy — R. The operator which maps
every function u : O — R to its e-unfolding is called the unfolding operator. Let
the unfolding operator be denoted by 7%, that is,

T¢:{u: O0f - R} — {T°(w) : Oy — R}

is defined by
R 0
T (wu)(r,0,t)y=ulr,e|— +et ),
€ lom
where [2],  denotes the integer part of - .

IfU c R? containing O;‘ and u is a real valued function on U, T¢(u) will mean,
T¢ acting on the restriction of u to O. Some important properties of the circular
unfolding operator are stated below. For each ¢ > 0,

1. T¢ is linear. Further, if u, v : O} — R, then, T¢(uv) = T¢u)T*(v).

2. Letu € L'(OF). then,
/ T (u) = 271/ u.
Oy oF

3. Letu € L*(OF). Then, T°u € L*(Oy) and | T¢ull 120,y = V27 lull 20

4. Letu, %, g—z € L2((9+), Then, T¢u, %Tsu and %Tgu IS LZ(OU). Moreover,

0 0 0 0
—T%u = Ts—u and —T°%u = eTg—u.
ar ar ot 20
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5. Letu € L>(O}). Then, T®u — u strongly in L?(Oy/). More generally, let u; — u
strongly in LZ(O1). Then, T¢u; — u strongly in L2(Oy).
6. Let, for every ¢, u, € LZ(C’);“) be such that 7¢u,—u weakly in L>(Oy). Then,

~ 1 .
He—— u(r,0, )dr weakly in L>(O7F),
27 Y(r)

where i, denotes the extension by 0 of u, to OF. ‘
7. Let, foreverye > 0, u, € Hl(Og‘) be such that T¢u,—u and %Tgug—\g—’; weakly
in L?(Oy). Then,

~ 1 du, 1 3 .
We—— udr and & Ll weakly in L>(O%).
2 Y(r) ar 2 Y (r) ar

2.3 Boundary Unfolding Operator

In order to obtain the interface conditions, it is necessary to employ the boundary
unfolding operator 7;j on I'®, which has been inspired by the pioneering work of
Daniel Onofrei, who introduced the boundary unfolding operator on a hyperplane in
[53]. For every € > 0, let us denote the unfolded boundary of I'¢ by I'y, defined by

I'y ={(r1,0,7):0 € (0,2r)and T € Y (r1)}

Define the boundary unfolding operator 7§ : {u : I'* — R} — {Tj(u) : Ty — R}
as

Ts ) (r1.0.7) = ue (r1. e [£],, +e7).

Note that 7y (1) = T (u)|,=,, . Boundary unfolding operator also has similar proper-
ties as those of unfolding operator.

2.4 Homogenization of a Semi-Linear Elliptic PDE

In this section, we establish the homogenization of a semi-linear elliptic PDE in O,. We
are not writing the measure while doing integration in the article. It is just for getting
the expressions in a simple form. If we are taking the functions in polar coordinates,
then the integration is with respect to the measure rdrd@; otherwise, it is with respect
to the usual Lebesgue Measure. When we are integrating over the unfolded domain,
it is convenient to consider the functions in polar coordinates.

Let A(r,0) = [a;,j(r,0)]2x2 be a 2 x 2 matrix where the entries a;; : O — R
are Caratheodory type functions, that is a;; for i, j = 1,2 are measurable in r and
continuous in 6. We also assume that g; ; are 2 -periodic with respect to 6 and A is
uniformly elliptic and bounded in O, that is, there exist constants «, 8 > 0 such that

(A(r,0)n,2) > a[r* and |A(r,0)A| < BIA]
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forallA € RZand a.ein O. Letk : R — R be a C? real-valued function such that
0 < Cy <k(t) < Cy,k(0) =0 and k” is bounded.
Define

A(r.2) if (r,0) € OF,

AS(r,0) = [ai&j(r, )]lox2 = {A(r ) if(r,0)eO

Consider the following problem in the domain O;:

{ —div(A®*Vu,) + k(ue) + ue = f in O, o

A*Vu, - v¥ =00nd0;.

Here f € L?(0O) is a given function, v¢ is the outward normal vector on d0,. The
variational form corresponding to (1) is given as: Find u, € H 1(O,) such that

/ ASVMEVv+k(u8)v+u£v=/ fu forall v e H'(0,). 2)
€ O,

Since the oscillations are circular, to study the asymptotic behavior, we need to write
(2) in polar form as follows:

/ <A8|:33urgi|[g£:|+k(”8)v+usv>+/ AVung+usv=f fo, (3
Of 20 4 Lo - O

forall v € H'(Op), with A® = [a;]ax2 = X' A°X, where

cos® —1sing
X = r . 4
|:sin9 }cos@} @

Since A? is coercive, the matrix A® is also coercive. By properties of unfolding operator
(see Subsect. 2.2),

T¢(A®) = T*(X")T* (AT (X) = T*(X")A(r, 1) T (X).
Then as ¢ — 0, it is easy to see the following strong convergence in L2(Op),
T* (A%) > A =[ajjlax2 == X"A(r, T)X.

For each & > 0, we have the existence of unique u, € H'(O,) by the Browder—
Minty theorem (see [54]). We want to study the asymptotic behavior of u, as & — 0.
Let us describe the limit problem.
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Limit problem: To define the solution of the homogenized variational form, we need
appropriate function spaces, which we will define now. For any function ¢ defined on
O, we may write ¢ = ¢T xp+ + ¢~ xo- = (¢, ¢ ) throughout this article. Define

V(O) = {1/; e L*(O): (x-Vy) e L>(O)and ¢ € Hl((’)_)] ,
with the inner product

(@, ¥vio) = (P, V)2 0+ +((x - V@), (x - V) 204y + (@, V) 10— -

Note that since x is strictly away from the origin, V (O) is a Hilbert space. Now we
are in a position to define the limit problem:

in OF,

—

—div (“fx(";) (x - Vu+)x) Y (D) + 0ty = Y (xS
—div (AVu_) +u =f in O,
—_— x-Vu+)x~v:O on I'y, 5

AVu= -v=0 on I},

ut =u aO(x)(

=u , ME x-Vu+)x~v=AVu_-v on I,

where the limit coefficient ag is

ao(r 9)_/ det(A(r, 1))
=1 A ) [_sin(e)] |:—sin(0)]

cos(6) cos(f)

The weak form of the limit problem (5) is given by: Find u = ut o+ + u~ xo- €
V (O) such that

/ ao()zc) (x-Vu)(x-V¢)+|Y(|x|)|(k(u)+u)¢+/ AVuVe + (k(u) + u)¢

o+ x| o- ©

=f IY(|x|)|f¢>+/ Fé. forallg € V(O).
o+ (o

Since A is coercive, a is strictly positive, and k is monotone, it follows by Browder—
Minty theorem, we have the existence and uniqueness of the solution to the variational
form (6) in V (O).
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Using the polar transformation ra%u = (x - Vu), we can write the polar form of
(6) as: Given f € L%(0), find u € V(©) such that

/ (aoa—”@ FY ) k() + u>¢>) + / (AVuV + (k(u) + u)d)
o+ or or o~ )

=/ Y(r)f¢+f f¢, forall ¢ € V(O).
o+t (O

We will now prove the main theorem of this section, which states that the system
(5) is the homogenized limit problem of (1). To do this, we will prove the convergence
of solutions in their respective polar forms.

Theorem 1 Let u, and u be the unique solutions of (3) and (7) respectively. Then, we
have the following convergences weakly in L*(OF)

N du, 9 it 1 i 9
Y, 2y, e ——/ )
ar ar a6 21 Jy () a2 ar

and k(ug)—~Y (r) |k w).
And in HY(O7), we have
Us—u weakly in H'(O).
Proof We are dividing the proof into several steps.
Step 1: (Convergences) Since |luclly1o,) < I fllL2(0), using the properties of
unfolding operator, we have {T¢(u.)}, {TE (%)} and {TE (%)} are bounded in

L%(Oy). Also {u;} is bounded in H'(O~). Hence from weak compactness, there exist
ut, P, Py, ¢ € L*(Oy) and u™ € H'(O7) such that

a a
TEuE_\u+’ TS (%) _\P]’ ]""3 < 8’/;8) _\P2’
r

T¢ (k(ug))—¢ weakly in L2(Oy) and

u, —> u~ weakly in HY(O7).

®)

From the properties of unfolding, it is easy to see that

du™t
P=—.
or

Using similar properties, we get
Gl ou™
7o)~ 2L weakly in L2(Op).
at at
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But

0 ol
_TS — TE
ar ! W) =¢ ( 36

) — 0 strongly in L*(Op),

which implies u™ is independent of . To identify P, choose ¢ € D(O1), ¢ €
C°°([0, 27r]) as arbitrary and define ¢° as

0
P°(r.0) = ep(r.0)y <{§}) .

0 0
TS (%) = eT* (@)Y (7). TS( ¢ ):m (—¢> 4@ and

Then

or or

3 a¢g _ & 8¢ e
T <80 > =T (8_r> +T° (¢) Vyyr (7).

&)

Use ¢° as a test function in (3) to get
g

f ASV”SVQ‘: + k(ue)pe + ucpe = / S be.
of of

Apply the unfolding operator and passing to the limit using (8) and (9), we get

- | Py 0 _ - - reN
/OU A [Pz} [4’1//'(7)] = Jo, (a1 P1 +anPy) ¢y’ (t) =0,

which implies

— ~ +

ar| ary ou

P2:—_—P1 = -
ar ayy or

Step 2: (Interface Condition) Now, we prove the trace u™ = u~ on I'g. By the
continuity of the trace operator and using properties of the unfolding operator, we get

/ e = lim | (T°@we)|, 75 (¢) = lim / (75 (welon)l,,—o T6 @)
I'o £~V JTy

e=0Jp,
= li 5 - 5 = -
g%/r (T3 elom))], _o T4 (@) fr“ ¢
for any ¢ € C2°(I'¢). Hence, we have u™ = u™ on I'y. Define
u = XO+M+ + xo-u .
Since g—’fr e L?>(O%)andu~ € H'(O7), the interface condition gives u € V(O).
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Step 3: (Evaluating ¢) The calculation of ¢ is a crucial aspect of this article that
requires delicate analysis. To perform the calculation, we will utilize the well-known
Browder—Minty method. Let ¢ € C'(O). Consider the integral

dug 09 due 99
_ Te ar Br r 8r
Ié‘ - / i A dug 021 du dug ‘121 ou
O: a0 as, ) or | |90 as, ) or

+ / k() — k(@) (1te — @) + (s — $)°
or

+ fo AV = V) (Vite — V) + (k(ute) — k(@) (e — §)) + (e — §)?

Expand and rearrange to get

dug k)
15=/ AVuSVua—{—k(uE)ug—{—ug—l—/ _A® [a} ar
X ot

due 321 ou
36 a, or

99 Bug 99 99

A€ r B A€ [ ar
o R o P | i B N O O
O¢ a5, or 60 O¢ a22 ar a5, or

+ /O —k(ue)p — k(P)ue + k(9)p — 2uch + ¢°

+ /of —AVu Vg — AV@Vue + AVOVP — k(ue)p — k(P)ue +k(P)p — 2uctp + ¢

variational form (3) to get

/f¢+/ fo= /O [d

i|V¢+§¢+M¢+/ AVuVeo + k(u)p + ug
ay or

detA\ du ¢
= / = —— 4P+ up+
oy \ ax ) or or

By density of C'(O) in V(O), the above equality holds for all ¢ € V(O).Put¢p = u
we have

Now we have to pass the limit as ¢ — 0. Using (8) pass to the limit as ¢ — 0 in the

/ AVuVo + k(u)p + ug.
o-

detA du du 2
fu+ fu= — —— +Clu4u’+ AVuVu + k(u)u + u
Oy O- Oy ann ar or -

_ Ju Bu
_/ A _ﬁaiﬁl _ﬂdl + Cu +M
Oy ax or ary or
+/ AVuVu + k(wu + u.
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On the other hand using the energy equality, we get

lim A*Vu Vug + k(ug)ug + u? = lim / fue = fu+ fu
e—=0 O, e—=0 O, Oy oO-

ou ou
= / Al 2o, Do |+ cu+u? +/ AVUuVu + k(u)yu + u?.
oy | @@ o-

(10)

Now using (8) and (10), we get (re-ordered for convenience)

[ ou du [ o 2
lim 7, =/ Al _@lou || _ahou —/ Al _@ou || ou
e—>0 Oy ay or ax or Oy ary or Ea_r
[ o au [ o 3
_f Al _dou||_ahou +/ Al _Blou || _aou
Oy axy or ay or Oy ary or ary or
+ﬁ)aww¢—u@u+uw¢+ﬁ—mw+¢2
U
+/ AVuVu — AVuVp — AVpVu + AVHV
+/ k(wu — k(u)p — k(p)u + k()¢ + u” — 2up + ¢°.
o-

By performing proper factorization, we arrive at

bu_ 09 u_ 09
+ fou(: — k@) — ) + (u — ¢)*
- fo AU = V) (Vu = V) + (k) — k(@)U — §) + (u — ¢)°

=f a(ﬁﬁf@>@3—%)+@—mwm—@+w—@2
or or

+ /Of A(Vi = V§)(Vu — V) + (k(u) — k() (1 — ¢) + (u — ¢)°,

From the monotonicity of k, we have ¢ > 0 for all &, which implies

0 0 0 0
hmk=L}m(iinf)Qﬁrﬁ>+@—mmm—@+w—m2
U

e—0 ar or

+/of A(Vi = V§)(Vu — V) + (k(u) — k() — ¢) + (u — $)* = 0.
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The above inequality holds true for all ¢ € V(O). At this stage, choose ¢ = u +
A, Y e V(O), > 0to get

RV
/ 2an LW ¢ kg — gy + 0y

Oy or or

+ /O MAVYVY + (k) — k(u — )Y + 1y* = 0.
As L — 0,

/ (¢ — k)Y =0forally € V(O).
Oy

Hence,

/ ¢dy = Y (r)lk(u). (1)
Y(r)

Thus, we have evaluated all the unknowns in (8). Hence using properties of the unfold-
ing operator, we can deduce the following convergences weakly in L2(O7)

- du, 3 dut, 1 7 9
Y, Sy, e ——/ ) 2
ar ar a0 2 Jy) ax ar

and  k(ug)—Y () [k(w).

Hence we got the required convergence. Now we need to prove that u is actually the
solution of the limit problem (7).

Step 4: (Limit Problem) Use v € C () as a test function in (3). Apply unfolding
operator and passing to the limit in (3) using (8), we obtain

[ ow o
foA[_aiTa_uMaa_@]Hwﬂwfo AVUVY + k()W + up
. .

an 30
= [ s v

Simplify to get,

ayy or

detA\ du 3y
/O < )__+;1p+u¢+/oAVuVlﬁ—f-k(u)!ﬁ-i-Wﬁ

ax ) or or
= [ v v
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Average out using (11) and properties of the unfolding operator to get

ar Jr

= [ wenses [ rw.

[, a0 S 1Y Gedlkao +ap+ [ AV + ki -y

where
detA det(A(r, 1))
%Z/ (T_)ﬁ:/’ in(@)] [—sin()
Y(r) \ a2 Y(r) —sin -
Ar,T) [ cos(6) ] |: cos(6) ]

By density of C*°(0), in V (O), we get that u satisfies the limit problem (7). Hence
the proof of Theorem 1 is done. O

As we proceed, we will prove the following corrector results (strong convergences),
which are crucial in proving homogenization of optimal control problems in next
section.

Theorem 2 Let u, and u be the unique solutions of (3) and (7) respectively. Then as
e — 0, we have

dug  Ju
or or

+||ug — M”Hl(o—) e 0

lue — u||L2((9;r) +

dug a5, du
00 " as, or

L2(OF) L2(OF)

Proof Consider

dug _ du due _ du

Y ar or ar ar
Je = / LA ue (3 0u dus _ (3 du
O¢ 0 as, or 30 as, or

+ / (k(ue) — k() (e — u) + (ug — u)?
of

+ / CANVue = Vu)(Vue — Vu) + (k(ue) — k) (ue —u) + (ue — u)’.

Expand and rearrange to get
Je=J + 12+ 03+ 2,
where

J; =/ APVuVug + k(ug)ug +M§7
O,
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5 D, Eéu %M dup 8214 %u
s ar ar qr ar
I =/+—A [a%} _iou | T A _ & ou [auﬁ]JrA _@y o || _ @y ou |-
] 6 as, or as, or 96 as, ar as, dr

a2 ap OF

JS = /0* —k(ue)u — k(g + kQ@)u — 2ugu + u?,

Jr = / —AVu,Vu — AVuVu, + AVuVu — k(ug)u — kug + k(u)u — 2usu + u>.

&

On applying the unfolding operator and passing to the limit as ¢ — 0, we get

2 / (_ a ) ou du f ou du
lim J; ap— —aj | —— = —a0 -+
e—0 Ou a ar ar o+ ar or
lim J3 = / —tu—u? = / 1Y ()] (k(u)u T uz) ,
e—0 Oy O+

lim J* = / —AVuVu — k(w)u — u>,

e—0

lim J1 = hm AVMSVug + k(ug)ug + u

e—0
= llm/ fue, = / fu+ fu
e—0 O-

8u8 5
0——+|Y(r)|(k(u)u+u )+ AVuVu + k(u)u +u
o+ Oor dr o-

= —( lim J£ + lim J¢ + lim J¢ ) .

This implies that lim._.¢o J; = 0. Then coercivity of A and monotonicity of k com-
pletes the proof of Theorem 2. O

2.5 Homogenization of Optimal Control Problem

Here we are going to study an optimal control problem in O, governed by a semi-
linear elliptic PDE described in the previous section. Let A(r, 8) = [a; j(r, 0)]2x2
and B(r, 0) = [b; j(r, 0)]2x2 be 2 x 2 symmetric matrices that are uniformly elliptic,
bounded and 27 -periodic with respect to the variable 6 . Also, the entries a;;, b;j :
O — R are Caratheodory type functions that is measurable in r and continuous in 6.
Define

ne 0 if (r, 60 O+,
A(r,0) = [afj(r, Nloxa = {A((: 98)) ;f E: 9; 2 o~

B(r,%) if(r,0) € OF,

’e

BE(r,0) = [b;(r, )lax2 = {B(r 0) if (r,0) e O~
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As we defined in the previous section, define A, = X'A*X and B, = X' B¢X, where
X is given by (4). As we discussed in the previous section, as ¢ — 0, it is easy to see
the following strong convergence in L>(Oy),

T° (A®) > A =[ajjlox2 = X"A(r, DX,
T° (B°) — B = [bijlax2 := X'B(r, 1)X.

Let o CC O~ be an open set and admissible control set is L*(w). Consider the
following minimization problem in O,

1
Minimize: J; (4, ) = 5/ B°VuVu + g/ Xol01%, (12)

&€ &

where (u, 0) satisfies the following system,

—div(A®Vu) + k(u) +u = f + x,0 in O,
A*Vu v, =00n 00,,

with f € L?(O). One of the aspects is the consideration of the cost functional by a
different matrix B. Even for such a problem in fixed domain, the homogenization anal-
ysis is delicate. Let us recall the following well-known result on semi-linear optimal
control problems (see [15, 55]).

Theorem 3 Let (ug, 0;) be the unique solution of (12). Then the optimality system is
given by

— div(A®Vug) + k(ug) +ue = f + xoB in O,

— div(A®Vvg) + k' (ug)ve + ve = —div(B*Vu,) in O,

A*Vu, -v, =0, A°Vu, - v, = B*Vu, on 90,, (13)
1

Op = —Xw— Ve

B

To be precise, v, is the adjoint state. The variational formulation for the optimality
system (13) is as follows: Given f € L*(0), find (u, vs) € H'(O,) x H'(O,) such
that

/ AV Vo + K(us) + 1s)d = / (f + x0be)d,
O, O,
(14)
/ A VoY + (€ () vs + ve)r = f B*Vu, vy,
& 08

for all (¢, v) € H'(O,) x H'(O,) with 6, = —%vas.
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We want to study the asymptotic behavior of (i, v;) as ¢ — 0. Since the oscilla-
tions are in a circular fashion, we rewrite (14) in polar form as:

due @
/ raka L (k(ug) + ug)e +/ AVu Vo + (k(ug) + ug)d

_ / (f + Xobe)b.
O,
e [ov (1)
/ As o o + (k,(ue)vg + Ue)llj +/ AVUSVV/ + (k,(uE)Ué‘ + vE)l/j
* ]| 5% o

( due Y

:/ B¢ [ a’} or +/ BVu Vi
dug | | v _

O;r 3M0 a6 o

for all (¢, ¥) € HY(O,) x H'(O,) with 6, = —%qug.

We will now describe the limit optimal control problem, which, as we will show in
Theorem 3, is the homogenized problem. For the limit problem, the control set is also
L?(w). Consider the following minimization problem: Minimize

1 b 1
J(u,0) = -f —O(x~Vu+)-(x~Vu+)+—/ Bw—w—+éf 1612,
2 Jo+ |x|? 2 2 Jo
(16)

where (u, 0) satisfies the following system:

~div (afxﬁ? (x Vu*)x) Y (DIt +ut) = [Y(xDIf in OF,

—div(AVu™) +k(w ) +u" = f+6 inO",

a|0(|)2€) (x-Vut)x-v=0 onTy,
X
AVu= -v=0 onlY},

_ ap(x
ut =u (2)
x|

(x~Vu+)x-v:AVu_~v on I'y.

If (u, 0) € V(O) x L*(w) is the unique optimal solution of the limit minimization
problem, it will satisfy the following optimality system
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_div (‘Tx—(";) (x- vw)x) F Y (xDI k@) +u™) = [Y(x])|f in O,

—div <a|0x—(|§) (x - Vo) x) + YK @HHvt +o)

= —div (bo *x) (x . Vu+) x) inOt,
X

—div(AVu™) +k(u ) +u" = f+6 inO",

—div(AVu ) +k'(u v +v- = —=div(BVu~) inO~,
1
0= —Exwv in O
together with the boundary conditions
ao (x)
e (x . Vu+)x -v=0 only,
b
do (x) (x~Vv+)x SV = 0 (x) (x . Vu+)x -v only,

x| x|

AVu= -v=0, AVv  -v=BVu -v only

and the interface conditions on I'g

ut=u=, vi=v", a|0(|)26) (x-Vu+)x-v =AVu -v
X
b
a|0x(|)2€) (x-VoH)x.v— |0x(|)26) (x-Vut)x-v=(AVv" —BVu~)-v.

Here the coefficients ag and bg are given by

detA - 1 1
a():/ - dt and b0=/ B _ _ drt.
Y(lxp) \ 422 Y(Ix)) —f || L

azz azz

Corresponding weak formulation is: Given f € L%(0) find (u, v) € V(O) x V(O)
such that
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/m D0 (V) (x - V) + 1Y (XD k() + )

x|

+/ AVuVY + (k(u) + u)yr =f |Y(|x|)fw+/ (f + XV,
O~ o+ O~

/O+ aop (x) (x - Vi) (x - V) + | Y (|x])]| (k/(u)v + U)¢ a7

|x|?
+ /o— AV + (K (u)v + v)¢

_ bo (x)
= 5 (x - Vu) (x - Vo) + BVuVe,
o+ x| O~

for all (¥, ¢) € V(O) x V(O) with § = —%va.

Note that ag is not influenced by the cost functional, whereas the coefficient by in
cost functional is not only depends on the cost of the inhomogenized functional, it
also influenced by the dynamics A.

Using the polar transformation ra%u = (x - Vu), we can write the polar form of
(17) as: Given f € L*(O) find (u, v) € V(O) x V(O) such that

du Y

/ a0 (Y () k(@) + )y +/ AVUVY + k() + u)y
o+ Or or O-

:/ |Y(r)f1//+/ f + %0V,
O+ (O

/ aoa_v% + 1Y ()| (k’(u)v + U) ¢+ / AVuvVe + (k/(u)v +v)¢
o+ Or or O-

ou ¢
= bo—— + BVMV¢,
o+ Or dr o-

(18)

forall (¥, ¢) € V(O) x V(O) with 0 = —%va.
Also, the limit minimization problem (16) transform into the following: Minimize

1 du\* 1 o - B 2
J(u,@):z O+b0 a_r +§ BVu Vu +E |9| .
- w

where (u, ) satisfies the following variational form,

/ aoa_“% + 1Y ()| k() + u)y +/ AVuVy + (k(u) + u)y
o+ or or O~

=/ |Y(r)f1//+/ (f + XV
o+ o-

The definition of ag and by implies the coerciveness of ag and bg. We already have
monotonicity of k, then by semi-linear optimal control theory (see [6, 15, 55]), we
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have the existence and uniqueness of the optimal solution (iz, 8) € V(0Q) x L3 (w)
and (18) is optimality system.

Theorem 4 Let (u., ve) and (u, v) be solutions of (15) and (18) respectively. Then as
e — 0, we have

8148 ou
9r or

Outg a21 ou
00 a22 ar

lee — u||L2((9+) +

L2(OF) LX(O})

+ llue — ull 10—y — 0.

Proof The proof will be the same as we did in Theorem 2. The only extra term is y,0;.
Since w is compactly contained in 27, and [|6°[ ;71(,,) < C. Hence, it won’t make any
issues in any step of the proof of Theorems 1 and 2. O

Theorem 5 Let (ug, ve) and (u, v) be solutions of (15) and (18) respectively. Then as
e — 0, we have the following convergences weakly in L>(OF)

—_—~

9
Yo vy and
or ar

81)8 1 1 - a21 ou 1 521 v
— by — bzz— — |5 — ) —.
30 27 Jy@y ax ar 21 Jy a2/ Or

And in HY(O™), we have

Ue—1Y ()],

ve—v weakly in HY(OM).
Proof We are dividing the proof into several steps.
Step 1: (Convergences) Since || ve || y1(0,) is bounded, using the properties of unfold-
ing operator defined in Sect. 3.2, we have {T° (v,)}, { (3”8 )] and [ (%)} are

bounded in L2(Qy). Also {v, } is bounded in H' (O ). Hence from weak compactness,
there exist v, 01, Qs € L2(Oy) and v~ € H'(O™) such that

ar a0
and v, — v~ weakly in Hl((’)*).

d d
Tév,—vT, T¢ <ﬁ>—‘Q1, T8< vs)—\Qz weakly in L2(Op) (19)

From the properties of unfolding, it is easy to see that

vt

Q=g

Now to identify Q», choose ¢° defined in (9) as test function in the variational from
(17) to get
/ AV VPE + K (u)vedp® + v.0° = / BVu.V¢e.
o of
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Apply unfolding and pass to the limit as ¢ — 0 using (8) and (19) to get

b3 0 = 4 0
ar — Tor
/;I)U A [QZ] [¢1///(T)} /;I)U B _%% I:d)w/(r)} ]

which implies

1 a du _ Jv
0r=— (<b21 - b222> — = 21?) . (20)

Now from the same arguments as in Step 2 in the proof of Theorem 1, we can
prove the interface condition v+ = v~ on I'y. Define v = xp+v" + xp-v~. Since
g—f € L*(O%) and v~ € H'(O7), the interface condition gives v € V(O). Hence
using the averaging property of the unfolding operator, we can deduce the following

convergence:

—~

“e Ly )
—_\ r _’
or or

avs 1 1 /- - an du 1 axi\ ov
— —\ba—bo—))——-|+ — ) =
00 21 Jy(r) a2 an ar 21 Jyy axn /) or

weakly in L2(27) and v,—v weakly in H'(O7).

Ve—Y (r)|v,

Step 2: (Limit problem) Now the remaining part is to prove that v solves the limit
problem. Take ¥ € C°°(O) as a test function in the variational form (18), apply
unfolding and pass to the limit as ¢ — 0 to get

v
/ A [T} VY + K oy + vy + / AVUVY + K vy + vy
Oy 02 o~

ou
:/ é[ a;,u+}v¢+/ BVuvy.
OU -

ary or

Simplify using (20) to get

detA dv ay ,
/(9 ( ) +k(u)vw+v1p+/;97AVuvw+k(u)v1ﬁ+v¢
U

a» ) or 3
/ <— bipdai  anba Ellzbzzc_lzl) du 9y
U

+ [ BVuvy.

b1 — — = = —
an an (an)? ) or or o-

Since A and B are symmetric, we have @jo = a1 and bjp = by;. Using matrix
notation, we can simplify the above equation as

ay ) or ar

detA\ v Blﬂ ,
/(’) (- ) +k(u)vlﬂ+v1//+/O_AVuV1//~I—k(u)v1/f+v1ﬂ
U
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= B @) ay | ——=— )+ BVuVi.
Oy ~and L&, 0r or -

Taking average using the properties of the unfolding operator to get

/ aoa_v% + 1Y () (k’(u)v + v) v+ / AVuVy + (K (w)v + v
o+ or or O-
[ B[ ey,
o+ or or o-

where the coefficients ag and by are given by

detA -1 1
ap = / — dt and bg = f B an an drt.
Y(r) \ 422 Y () Tapd LT an

This completes the proof. O

3 Homogenization in Domains with Lower Dimensional Oscillations
In this section, we will discuss the homogenization result for a semi-linear partial differ-
ential equation (PDE) and its associated optimal control problem in an n-dimensional

domain with oscillating boundary. The oscillations occur in m directions, where m
ranges from 1 ton — 1.

3.1 Domain Description

Let x = (x/,x"”) € R" where x’ = (x1,x2,...xy) and x”" = (a1, Xma2, ... Xn)
with 1 < m < n. Define

m
Qf=©.1" and Y*=]]@.b) x 0. 1)""
i=1

with0 < a; < b; < lforalli =1,2,3,...,m.Let A be a connected open subset of
Y* with Lipschitz boundary as our reference cell. Now the upper oscillating part €.

is given by
x/
QF = {(x/,x”) eQt: ({—} ,x”> € A},
I3

where {%} denotes the fractional part of *-. The lower fixed part is given by

Q™ =0, D" x (~1,0).
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Fig.4 3 Dimensional oscillating domains withm = l and m =2

The oscillating domain €2, and limit domain €2 are defined as
Q, = int (Qj U sz—) and Q = int <Q+ U Q—) .

Here Q is the upper oscillating part, Q is the lower fixed part, ; is the oscillating
domain and €2 is the limit domain. Sample figures are given in Fig. 4. It is important to
note that as per the definition of €., the upper part ;" exhibits periodic oscillations.
These oscillations involve a periodic arrangement of the reference cell A, which is
scaled by ¢ in the x’ variable and arranged in the x’ direction with a period of €. Also
I'y, T'p are upper and lower boundaries of €2 and I'g is the interface.

For x” € (0, )", define Y (x") = {y € (0, )" : (y,x") € A} where |Y (x")|
denote the m dimensional Lebesgue measure of Y (x”). We assume the following
properties on A:

1. The set Y (x”) is connected for all x” € (0, 1),

2. There exists p > Osuchthat 0 < p < |Y(x"”)| < 1 forall x” € (0, )",

3. The boundary part dA N ((0, Dl x {0}) is connected and have positive n — 1
dimensional Lebesgue measure.

3.2 Periodic Unfolding Operator

We have already introduced the domain €2, with a highly oscillating boundary. First,
we will define the unfolded domain 2y in which the unfolded functions are defined.
The unfolded domain Q2 is defined as follows:

Qu={xylx=ux)eQt yerux" cR"}.

Let G = {(x",y) | x” € (0,D)"™,y € Y(x")}, then, one can write, Qy =
(0, D™ x G. Let ¢* : Qu — QF be defined as ¢*(x,y) = (s [%] +sy,x”).

The &— unfolding of a function u : QF — R is the function u o ¢* : Qy — R.
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The operator which maps every function u : Q] — R to its e-unfolding is called the
unfolding operator. We denote the unfolding operator by 7%, that is,

T {u:Qf - R} = {T°(u) : Qu — R}

is defined by

T (u)(x,y) =u <8 |:x;i| + 8y,x”> .

Ifv c RV containing Qj and u is a real-valued function on V, T¢ (1) means, that is
T¢ acting on the restriction of u to €. Some important properties of the unfolding
operator are stated below. For each ¢ > 0,

1. T¢ is linear. Further, if u, v: Q} — R, then, T¢(uv) = T (u)T* (v).

2. Letu € L' (). then,
/ T (u) =/ u.
Qu Qf

3. Letu € L*(QF). Then, T?u € L*(Qu) and | T%ull12(q,) = lull 2t
4. Letu € H'(Q}). Then, T¢u e L*((0, 1)™; H'(G)). Moreover,

VT u =T Vyou and V,T°u =eT*Vyu.

5. Letu € LQ(Qj). Then, T°u — u strongly in L%(Qy). More generally, letu, — u
strongly in L2(Q+). Then, T¢u, — u strongly in LZ(QU).
6. Let, for every ¢, u, € L2(§22‘) be such that T¢u,—u weakly in L%(Qy). then,

Ue— u(x, y)dy weakly in L2(Q7T).
Y()C”)

7. Let, for every ¢ > 0, uc € H'(RF) be such that Tfu.—u weakly in
L%((0, )™; H'(G)). Then,

Ug— u(x, y)dy weakly in L>(Q*) and
Y(x")
Vot — Veudy weakly in L2(Q1)"™.
Y (x")

where 1, denotes the extension by 0 of u, to Q. This notation is used throughout
the article.
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3.3 Homogenization

Let A = [a;j],xn be an n x n symmetric matrix, where the entries a;; € L°°(2). Also
A is uniformly elliptic and bounded in €2, that is, there exists «, 8 > 0 such that

(A, 2) = aa]> and |A@)A] < BIA|
forall A € R” and a.e in Q. Let Ay, Ay, Az, A4 be sub-matrices of A such that
-0 )
where the orders of the sub-matrices are as follows:
Al:mxm, Ay - mxmn—m), Az:(n—m)xm, Az:(nm—m)xn—m).
Consider the following problem in €2;:

—div(AVug) + k(ue) + u. = f in Qq,
AVu -v, =0 on 082.

Here f € LZ(Q) is a given function, v? is the outward unit normal vector, and k is as
defined in the earlier section. The corresponding variational formulation is

find u, € H'(S2,) such that

/ AVUV + k(o) + e = / Fo forallp e Q). D
Qe Qe

The existence and uniqueness of u, is guaranteed by the Browder—Minty theorem.
We want to study the asymptotic behavior of u, as ¢ — 0. Let us look at the limit
problem.

Limit problem: Consider the Hilbert space

W) =¥ e L@ : Vot € LA™, vlg- € H'(2)]
with inner product

(@, VIw) = (@, ¥)r2+) + (Verd, Vo) p2gr) + (@, V) pig-y -

We define the limit problem as follows: Given f € L2(Q), find u € W() such that
[ AoV Ok Gy g+ [ AVUTY k@
Qt Q-

= [ wenigus [ fv.
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for all Y € W(2), where
Ag() = Aoy = Y ()] ([~AsAy 1] A[-AsAT" 1])
Corresponding strong form is

—divyr (A V™) + 1Y )| k@ ™) +u®) = Y f  in QF,

—div(AVu )+ k(u")+u = f in 27,
AoVeut v =0 onl,,
AVu= -v=0 on [y,

ut=u", AoVyut -v=AVu  -v only.

Since A is symmetric and coercive, and k is monotone, by Browder—Minty theorem,
(22) has a unique solution.

Theorem 6 Let u,, u be the unique solutions of (21) and (22) respectively. Then, we
have the following convergences

He—u weakly in L (),

V/);u/g—\vxnu weakly in L>(Q1)"™",
Vytta— (= A7 A) Vo weakly in L2 ()™,
kGue)—1Y (") k() weakly in L2(Q1),

ug —> u weakly in Hl(Qf).

Proof We are dividing the proof into several steps.
Step 1: (Convergences) Since |ucllyiq,) =< [IfllL2q), by using the proper-

ties of unfolding operator defined in Sect. 3.2 we have {T°(u.)} is bounded in
L2((0, )™; H'(G)). Also {u,} is bounded in H'(27). Hence from weak com-
pactness, there exist u™ € L2(Qu),u” € HYQ), P, € L*(Qy)™ and P, €
L2(Qy)" ™™ such that

Teus—u"t weakly in L2(Qp),

T (Vyug)— P weakly in L?(Qy)",

T (Vyrug)— Py weakly in L(Qy)" ™™, (23)
T¢ (k(ug))—¢ weakly in L?(Qy),

ug — u weakly in Hl(Qf).

From the properties of unfolding, it is easy to see that

Py =Vou".
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Using the similar properties, we get
Vy T (ug)—Vyu weakly in L2(Qp)"™.
But
VT4 (u;) = eT¢V,ou—0 weakly in L*(Qp),

which implies u™ is independent of y. Next step is to identify P;. For ¢ € D(Q™)
and ¥ € C°°([0, 11™), define ¢* = e (x) Y ({%}) Then

T*(¢°) =eT* (@)Y (), T°(Vyrd®) =eT* (V) ¥(y) and

(24)
T¢ (Vu¢®) = eT° (Vo) + T (9) Vy ¥ (y).

Use ¢° as a test function in (21) to get

/ AVu Vg + k(ug)pe + uspe = / S Qe
Qf Qf

Apply the unfolding operator and pass to the limit using (23) and (24) to get

LAl
Qu 2
Since ¢ and y are arbitrary, A} P; + A P, = 0, which implies
Pl =—AT'A Py = —AT AVt (25)
Step 2: (Interface Condition) In this step, we are going to prove that u™ = u~ on T.

By the continuity of the trace operator and using properties of the unfolding operator,
we get

fr wto =lim | (T°@w.)|, 75 (@) = lim fr (15 elen)],, = 76 (9)

e—0 Jp
= gigg)/r (T (weloo))|, o T5 () = /F u= ¢,
for any ¢ € C2°(I'). Hence, we have u™ = u~ on I'. Define
U= X@+u+ + xo-u .

Since Vyrut € L2(Q1)" ™ and u~ € H'(Q7), the interface condition gives u €
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Step 3: (Identifying ¢) As in the previous section, we need to identify ¢{. The com-
putation is delicate because it involves higher order matrices, and we are using the
Browder—Minty method to perform it. Let ¢ € C' (). Consider the integral

I, = f A Ve — <_A]_1A2> Vyru Vyiug — (—A]_IAQ) Vyru
Q;f Vx//ug — Vx”¢ vx”ua — x”¢
+ fQ | (k) = k(@) e — ¢) + (e — §)°
+ /Q AVue = V) (Vue = V) + (kue) = k(@) (e — §)) + (e = §)°.

Expand and rearrange to get

Vou —A_IA V.ru
I, = fg AV Vite + ke + 1 + /QE+ —A [vj,,ui] [ oo ]
—A71A2V nu || Vyru
—A 1 X x'te
A e 1
+/ A |:—A1_1A2Vx~u:| [—AI_IAszwu}
QF Vi A
+ /Q k() — k@us +k()D — 2usy + ¢
+/ —AVu Vo — AVGVu, + AVpVe
+ /Q | —ke)p — k(@us + k(@) — 21+ ¢,

Now we have to pass the limit as ¢ — 0. Using (23) pass to the limit in the variational
form (21) to get

/ f¢>+/ fo= f [A sz””]w+;¢+u¢+/ AVUN + k(u)p + udp
Qu Q-
= [ (45— 2347 82) VoouViop + ¢+ ug
Qu

+/7 AVuVeo + k(u)p + ug.

By density of C'(Q) in W(£2), the above equality holds for all ¢ € W (). Put¢ = u
to get

/ fbt + f fl/t = / (A4 - A3A1_1A2) Vx”uvx”u +lu+ u2
Qu Q- Qu

+ / AVuVu + k(u)u + u?
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-1 -1
2/ A[—Al szxm} |:—Al Anguui|+§u+u2
Q Vyru Vyru

+ / AVuVu + k(u)u + u’.
On the other hand, using the energy equality we have

lim AVu ,Vug, + k(ug)ue + u? = lin})/ fue, = fu+ fu
=0 Jq, Qu Q-

e—=0 Jq,

iy ” e ”
=/ A[ Alvszx ”} [ Ay A2Vy “} + Cu 4 u? (26)
QU x//u Vx//u

+ / AVuVu + k(u)u + u’.

Now pass to the limit as ¢ — 0 in I, using (23) and (26) to get

i [ [ AT [ e
e—0 Qu Vyru Vyru

_/ A [~ AT AV o] [—AT AV

QU Vx//u 1L VX”¢ ]

_/ A ——Al_lszx//u_ ——Al_lszx//u_
QU Vx//d) 1L Vx//l,{ |

+/ A (AT AV ] [—AT ALV
Qu Vx”¢ 1L Vx”(»b

+f Cu— ¢ — k(Pu + k() +u* — 2up + ¢*
Qu
+ / AVuVu — AVuVe — AV¢Vu + AV¢Ve

+ / K — k(W) — k(@) + k(@)p +u® — 2ué + 7.
.

By properly factoring, we can obtain

lim I, =
e—0

/ A |:—A1_1A2Vx’/u + A1—1A2Vx,,ui| |:_A1—1A2quu + Al_lszxuu]
QU vx//l,t —_ Vx//¢) qul,t —_ qu¢

+/ (& — k@) — ¢) + (u — ¢)*
Qu
+ /Q ANVu = V) (Vu = V) + (k) — k(@) — §) + (u — ¢)°

= /Q A4 (Vo = Vo) (Vs — Vo) + (¢ — k(@) — §) + (u — ¢)°
U
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+ / A(Vu — V) (Vu — V) + (k(u) — k(@) (u — ¢) + (u — ¢)*.
o
From the monotonicity of k, we have ¢ > 0 for all &, which implies

lirr%) I, = /Q Ag(Vrtt = Vo) (Vru — Vorg) + (¢ = k(@) — §) + (u — ¢)°
U

E—>

+ /;2_ A(Vu — V$)(Vu — Vo) + (k(u) — k(@) (u — ¢) + (u — ¢)* > 0.
Choose ¢ =u + A, ¥ € C°°(§),)» > 0 to get

/Q ATy Vo + (@~ kG =2V + s
+ /Q MAVYVY + k() =k = 29y + 1% = 0.
As i — 0,
/Q (¢ — k@) ¥ = 0forall y € C' ().
v
Hence,
/Y » cdy = Y (x")|k(u). 27)

We have evaluated all the unknowns in (23). Hence using properties of the unfolding
operator, we can deduce the following convergence from (23) using (25),(27), and
interface condition.

e— Y (x")|u weakly in L*(2),
Vertte—|Y (x")|Vyru weakly in L2(Q7)""™,
@\/ZL/SA|Y()C”)|(—A1_1A2)VX~M weakly in L2(27)™",
k/(;t_;)—\|Y(x”)|k(u) weakly in L2(27),
ug —> u weakly in HI(Q*).
Hence we got the required convergence. Now we need to prove that u is actually the
solution of the limit problem (22).

Step 4: (Limit Problem) Use i/ € C* () as test function in (21). Apply unfolding
operator and passing to the limit using (23), we obtain

P
k = .
/QUA[PZ]vw+w+uw+/Q_vaw+ Wy + uy /QUwar/Q_fw
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Simplify using values of (25),

f (A3P) + AsP2) V, m/f+cz/f+uw+/ AVUY + k@)W + uy

[ v [ v

Substitute values of P; and P,,
/ ( AsAT Ay + A4) w4+ ur + / AVUVY + k)W + u
Qu
= v+ f v,
Qu Q-
Average out using (27) and properties of the unfolding operator to get

/+ AVt + 1Y (") k@)Y + iy + / AVUVY + k@)Y + 1
Q Q-
_ / YO f +/ v,
Qt Q-

where the coefficient matrix Ag is given by
Ao= [ (<A A ) dy = Y6 (< AaAT A2 + ).
Y(.XN)

To prove the existence and uniqueness of solution for the variational form, a major
challenge is to show that A is coercive. Interestingly, we could obtain a different
matrix expression for Ap which directly implies its coercivity due to the coercivity of
A. Using the symmetric property of A we can rewrite Ag as

Ao =Y ([AsaT! 1A [-AsaT" 1T).

By density of C ©(Q), in W(R), we get that u satisfies the limit problem (22).
Hence the proof of Theorem 6 is done. O

We will prove the corresponding results in the following theorem.

Theorem 7 (Corrector results) Let u., u be the unique solutions of (21) and (22)
respectively. Then, we have the following convergences
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iy — xa,u —> 0 strongly in L*(S),
V/x’\/—u/s — x, Varu —> 0 strongly in LY@,

e~

Vylle — XQ. (—AI_IAZ) Veu —> 0 strongly in L>(Q)™,

us —u —> 0 strongly in H'(Q).

Proof Consider

Ve — (—Al_lszxuu) Vo — (—Al_lAQwau)
L= a
Qg’ Vx Vx

nhg — Vyru g — Vyri

+ f | (k(ue) = k() (e —u) + (e — 1)’
Q¢
+/ A(Vug — Vu)(Vug — Vi) + (k) — k@) (e — u) + (e — u)>.
Expand and rearrange to get
Je=J + 12+ 03+ 2,
where
JI = / AVu Vg + k(ue)ue + u?,
Qe
Veue | [-AT AaVoru — AT AV | [ Veu
2 _ _ x'te 1 A2Vx —A 1 A2 Vx x'te
Jg ./Qj' A |:quug:| |: Vx//u :| + A:— [ Vx//u ] I:VX”M{;‘]
o a —A AV | [ AT AV
Q: Vx//u Vx”u ’
J£3 = /+ —k(ue)u — k(g + k(u)u — 2ugu + u>,
JE = / —AVu,Vu — AVuVu, + AVuVu
—l—/ —k(u)u — k(w)ue + k(w)u — 2u u + u’.
o
On applying the unfolding operator and passing to the limit as ¢ — 0, we get
lim J? = / <A3A1_1A2 — A4> VouVou
e—0 Qu
= / —AgVyruVynu,
Qt

lim J3 = / —tu—u* = / 1Y@ (kwu +u?),
e—0 Qu O+

@ Springer



46  Page340f42 Applied Mathematics & Optimization (2024) 89:46

lim J = / —AVuVu — k(uw)u — u?,

e—0

lim J! = lim | AVueVue + k(ue)ue + u?

e—0 e—~0Jq,

=lim | fu,= fu+ Sfu
o-

e—0 Q. Qu

= / AoVeruVeru 4+ Y (X)) (k(u)u + uz) + f AVuVu + k(uw)u + u?
Qt

=— (lim J; + lim J5 + lim Jf) )
e—0 e—>0 e—0
This implies that
lim I, = 0.
£—>

Then coercivity of A and monotonicity of £ completes the proof of Theorem 7. O

3.4 Optimal Control

Define A as in Sect. 3.3. Also define
| B1 B2
o= ]

in a similar way as we have defined A. Let o CC Q7 be an open set and admissible
control set is L2 (w). Now consider the following optimal control problem: Minimize

1
Jo(u,0) = 5/ wa+§/9 XolO]?, (28)

where (u, 0) satisfies the following system

—div(AVu) +k(u) +u = f + x.0 in Qg,
AVu -v, =0on 992,

where f € L*($2). From the semi-linear optimal control theory, we have the existence
and uniqueness of the optimal solution (i, 6;) € HY Q) x L*(w) (see [6, 15, 55]).
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We aim to study the asymptotic behavior of (u,, ;) as ¢ — 0. Let (u,, 6;) be the
unique solution of (28). Then (u,, v.) will satisfy the following optimality system.

—div(AVue) + k(ue) +ug = f + xobe in 2,
— div(AVv,) + k' (ug)ve + ve = —div(BVug) in Q,
AVug v, =0, AV -v. = BVu, on 082,

1

0, = —vg.

B

Corresponding variational form is: Given f € L2(Q), find (ug, vs) € H' () x
H'(,) such that

/ AVu NV + (k(ue) + ug)y = / (f + X))V,
o o (29)

/ AVUV + K (u)vs + v)d = | BVu.Vg,
Qe Qe

for all (¥, ¢) € H' () x H'(Q,) with

1
0 = —— XwVe.

B
We want to study the asymptotic behavior of (u., v;) as ¢ — 0. We now describe
the limit optimal control problem which we will be the homogenized problem (The-
orem 9).

For the limit optimal control problem, the admissible control set is again L*(w).
The limit optimal control problem is given as follows: Minimize

1 + 1 o -, | 2
J(u,0) = 7. BoVyu™VyiuT 4+ 3 BVu~Vu~ + 3 XolOl,
Q

where (u, 6) satisfies the following system

—divy (AgVeru™) + Y )k +ut =Y &)|f inQF,
—div(AVu )+ k() +u" = f + xof inQ",

AoVeut v =0 only,,
AVu= -v=0 on I'p,
AoVuut v —AVUT v =0 on Ip.

where the coefficient matrix Ag and By are given by

Ao =y ([~4sA7" 1] A[-4347" 1]') and

Bo =Y (| ([~Asar" 1] B[-asa;" 1]').
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The definition Ag and By implies the coerciveness of Ag and By. We already have
monotonicity of k, then by semi-linear optimal control theory, we have the existence
and uniqueness of the optimal solution (u, 9) € W(£2) x L?(w) (see [6, 15]).

Again from the well-known theory for semi-linear optimal control problems (see
[15, 55]) we can write the optimality system corresponding to the limit optimal control
problem as follows:

—divr (AgVeru™) + 1Y XNk +u™ = Y &) f in QF,
—div(AgVerv D) + K (uHvt + vt = —div(BgVerut)  in QF,
—div(AVu )+ k(u™)+u = f+ xo0 inQ~,
—div(AVu )+ kK@ )Hv” + v~ = —div(BVu) in 27,
0= —lxwv‘,
B

together with the boundary conditions

onx//u+ v =0, A()Vx//v+ SV = Bovx//u+ -von g,
AVu™ -v=0, AVv™ -v=BVu -vonly,

and interface conditions on 'y

{u+=u_, v =07, onxx/u+~v=AVu_ov,

(AgVyrvT — BoVut) - v = (AVv™ — BVu™) - v.

Corresponding weak formulation is: Given f € L2(Q) find (u, v) € W(2) x W()
such that

/ AoVt + ¥ ()R + uyy + f AVUVY + k@Y + up
Qt Q-
=/ IY(x”)I(f+9)1/f+/ .
o+ Q-

(30)
f AgVyrvVurg + Y (x| (K w)v + v) ¢ + / AVOVY + (K (w)v +v)¢
Qt Q-

=/ BOVX//qum//—i—/ BVuViy,
Qt Q-

for all (¥, ¢) € W(2) x W(Q) with § = —%va.
The next two theorems gives us that the system defined by (30) is the homogenized
limit system.

Theorem 8 Let (u., ve) and (u, v) be solutions of (29) and (30) respectively. Then as
e — 0, we have the following strong convergences

e — xo.,u —> 0 strongly in L% (),
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m — x. Vyru —> 0 strongly in LY Q)
m — X, (—AflAz) Veru —> 0 strongly in L2(QH)",
us —u —> 0 strongly in HI(Q_).
Proof The proof will be the same as we did in last subsection. The only extra term is

XwBe. Since w is compactly contained in 27, and [|6°||;1(,,,) < C. Hence, it won’t
make any issues in any step of the proof we did in the case of homogenization. O

Theorem 9 Let (u., v.) and (u, v) be solutions of (29) and (30) respectively. Then we
have the following convergences:

~

Ve—v weakly in LZ(Q),
m—\vxnv weakly in L*(F)" ™",

Vove—A7! ((—BlAl_lAz + Bz) Vo — szx,,v) weakly in L2(Q+)™,

k(o)=Y (x")|k(v) weakly in L2(1),

ve —> v weakly in HI(Q_).
Proof Step 1: (Convergences) Since [[ve| p1(q,) is bounded, using the proper-
ties of unfolding operator defined in Sect. 3.2 we have {T*(v.)} is bounded in
L2((0, 1)™; H'(G)). Also {v,} is bounded in H' (Q7). Hence from weak compactness,
there exist v € L2(Qy),v™ € H'(Q7), 01 € L*(Qy)™ and Q5 € L>(Qy)*™
such that

T¢ (ve)—vT weakly in L*(Qp),
T¢(Vyve)— Q) weakly in L2(Qp)™,

& . 2 n—m (31)
T°(Vyrvg)— Qo weakly in L= () ,

ve—v~ weakly in H' (7).
From the properties of unfolding, it is easy to see that
0 = Vx”v+'

Now to identify Q> choose ¢, defined in (24) as test function in the variational from
(29) to get

[ AV VY + K (ue)vey + vy = / BVu V.
QF Qf
Apply unfolding and pass to the limit as ¢ — 0 using (23) and (31) to get

/ (4101 + 420) (V1) =/ (Bi(=Pyu + By P)(V, 1)
Qu Qu
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which implies
A101+ A200 = B1 P + By Ps. (32)

Simplify using values of P;, P> and Q> to get
01 = A7 ((—BlAl_lAz + Bz) Vo — szxw) .

Then using the averaging property of unfolding operator in (31), we will get the
required convergences. Now it is enough to show that (u, v) satisfies (30).Take ¢ €
C*° (L) as a test function in the variational form (29), apply unfolding and pass to the
limit as ¢ — 0 to get

f A [Ql} Vi + k' (w)vy + vy + / AVuVYy + K (wvy + vy
Qu Q2 -
:/ B[Pl} v¢+/ BVuViy.
Qu P Q-
Simplify using (32) to get
/ (A301 + A1Q2) Vryy + K (w)vyy + vy + f AVuVYy + K @y + vy
Qu Q-

= (B3P1 + B4Py) Vi +/ BVuVy.
Qu

Simplify using values of P;, P> and Q> to get
/Q <A4 - A3A1_1A2) VooV + K vy + vy + /Q AVUVY + K (W)l + vy
. .
- /Q (_B3A;1A2 + ASAT BIAT A + By — ASAT' By ) VoV
U
+/_ BVuViy.

Taking the average using the properties of the unfolding operator, we get

/ AgVrvVery + [Y ()| (K (w)vy + vi) ~|—/ AVuVy + k' W)y + vy
Q+ Q-
= / BoVruVynifr 4 / BVuViy,
Q+ -
where the coefficients Ag and By are given by
Ao = Y (x| <A4 - A3A1_1A2) ,

By = |Y (x| <—B3A;‘A2 +ASAT BIAT Ay + By — A3A;‘Bz) .
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Again as in the previous subsection to prove the existence and uniqueness of a solution
for the variational form, a major challenge is to show that Ag and By is coercive. Since
we already got a nice form for Ag, we have to find a similar form form for By also.
Fortunately, we obtained a matrix expression for By also, which directly implies its
coercivity due to the coercivity of Ag and By. Following are the nice matrix expressions
for Ag and By

Ao = |y ()| ([—Asa7" 1] A[-Asa7 1)) and
By = |y (") ([—A3A1_1 1] B[-A3A;" I]t).

By density of C*°(Q) in W(S2), we v satisfies the limit problem (30) and hence the
proof is completed. O

Remark 1 Here we have considered the PDE with the principal part as a divergence
form with non-oscillating matrix coefficients. This is only to make the presentation
simpler. We can carry out all the results in any finite dimension with more general linear

elliptic PDE with principal part as div <A (x, ’%) . V) where A(x, y") are uniformly
bounded and elliptic n x n in  x Y matrices. For this, we have to use the Lemma
7.5, and 7.6, proven in one of our recent articles [45]. As in [45], all the results can be

reproduced with cost functional-coefficient as B (x, %) with minor modifications.

Remark 2 1In this article, we have focused on applying control away from the oscillating
part of the system. There are technical challenges when attempting to apply control
directly to the oscillating part, due to the non-linear nature of the system. However,
in our previous work on linear equations, we were able to apply control anywhere,
including the oscillating part. We are currently working on finding a way to overcome
the technical difficulties associated with applying control to the oscillating part in the
non-linear case.

4 Conclusion

In conclusion, this article presents a study of the homogenization of optimal control
problems governed by semi-linear elliptic PDEs with matrix coefficients in oscillating
domains of two different types:

Domain with oscillations in a circular fashion: In the homogenization process,
we arrived at a limit problem that is independent of ¢. The limit problem consists
of derivatives in both x; and x; directions in such a way that the derivative in the
angular direction averages out. In the homogenization of optimal control problems,
the coefficient in the limit optimal control problem not only depends on the cost of
unhomogenized functional but it is also influenced by the dynamics.

Domains with oscillations in lesser dimensions: In the homogenization process,
we arrived at a limit problem that is independent of &, and the derivative involved
in the PDE in x” direction, where the domain is not oscillating. The derivatives in
the oscillating directions x” vanishes from the limit problem. In the homogenization
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of optimal control problems, the coefficient in the limit optimal control problem not
only depends on the cost of unhomogenized functional but it is also influenced by the
dynamics.

The paper involves quite a bit of technicalities due to the presence of the non-linear

term. The major issue was the identification of the limit of the non-linear term, where
we used the Browder—-Minty method, which involves long computations. In general,
homogenizing problems in oscillating domains involves lengthy calculations and the
non-linear aspect further adds to the complexity. Although the initially considered
inhomogenized problems are without any interface conditions, the highly oscillating
nature of the boundary led us to limit problems with interface conditions.
Possible directions for future research: We concentrate on implementing control
away from the oscillating part of the domain due to the technical complications arising
from the non-linear term. It is a fascinating research question to apply control on the
oscillating part and perform homogenization with semi-linear PDE. However, this
question remains unsolved due to the existing technical difficulties.

Also, in the whole article, we use Hilbert space techniques to analyze because the
source term is from L2 space. It is interesting to do the homogenization problem with
L' source term, which is currently open.
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